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Abstract
A quasi-equilibrium problem is an equilibrium problem where the constraint
set does depend on the reference point. It generalizes important problems such
as quasi-variational inequalities and generalized Nash equilibrium problems. We
study the existence of equilibria on unbounded sets under a coerciveness condition
adapted from one specific for quasi-variational inequalities recently proposed by
Aussel and Sultana. We discuss the relation of our results with others that are
present in the literature.
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1 Introduction
By equilibrium problem, Blum and Oettli [6], mean the problem of finding:
x0 ∈ C such that f(x0, y) ≥ 0 for all y ∈ C, (1)
where a subset C of Rn and a function f : Rn × Rn → R are given.
Classical existence results for this problem on an unbounded constraint set usually
involve the same hypotheses as for bounded constraint set together with a coerciveness
condition, see for instance [4, 5, 10], and their references.
We consider next the quasi-equilibrium problem, (QEP) for short, which is the
object of our main interest in this paper. The QEP consists of an equilibrium problem
in which the constraint set depends on the currently analysed point. More precisely,
given a function f : Rn × Rn → R and a set-valued map K : C ⇒ C, where C is a
non-empty subset of Rn, the QEP consists of finding:
x0 ∈ C such that x0 ∈ K(x0), and f(x0, y) ≥ 0 for all y ∈ K(x0). (2)
In a similar way, the Minty quasi-equilibrium problem, (MQEP) for short, consists of
finding:
x0 ∈ C such that x0 ∈ K(x0), and f(y, x0) ≤ 0 for all y ∈ K(x0). (3)
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Recently, these quasi-equilibrium problems have begun to gain more and more
attention due to the fact that they summarise many problems such as quasi-variational
inequalities, generalized Nash equilibrium problems, among others (e.g. [8, 11]).
Many existence results for (QEP) involve the compactness ofC, see for instance [2,
8,9,11–13,17]. In this compact context, Lassonde, in [17], proposed an existence result
without any lower semi-continuity assumption on the constraint set-valuedmap. On the
other hand, Cubiotti in [13] gave a versionwithout upper semi-continuity assumption of
the constraints. Later in [9, 12], the authors used Cubiotti’s idea, in order to generalize
the famous minimax inequality due to Ky Fan. Although in [12] the authors deal with
a non-compact set C, they still consider constraint maps having compact values.
The pioneering works treating the non-compact case were presented by Tian and
Zhou in [22], Noor and Oettli in [20], and Ding in [14]. It is important to remark that
in [22] the authors worked without lower semi-continuity, but they need the upper semi-
continuity of the function associated with the quasi-equilibrium problem. In [14, 20]
the continuity of both the function and the constraint map were considered.
Our aim in this work is to provide some existence results for (QEP), under a co-
erciveness condition which is inspired from [3]. In Section 2 we present basic and
classical notions on generalized convexity, generalized monotonicity, continuity for
set-valued maps and some results. In Section 3 we introduce the coerciveness con-
dition for a quasi-equilibrium problem and we present our main results. Finally, in
Section 4 we consider some applications on quasi-variational inequality problems and
generalized Nash equilibrium problems.
2 Preliminaries and basic results
Let S be a subset of Rn. The convex hull and the closure of S will be denoted
by co(S) and S, respectively. We denote the open ball and the closed ball in Rn with
centre 0 and radius ε > 0 by Bε and Bε, respectively.
Let us now recall some classical definitions of generalized convexity. A real-valued
function h : Rn → R is said to be
• convex if, for any x, y ∈ Rn and t ∈ [0, 1], we have
h(tx+ (1 − t)y) ≤ th(x) + (1− t)h(y);
• quasi-convex if, for any x, y ∈ Rn and t ∈ [0, 1], we have
h(tx+ (1− t)y) ≤ max{h(x), h(y)};
• semi-strictly quasi-convex if, it is quasi-convex and, for any x, y ∈ Rn such that
h(x) 6= h(y) the following holds
h(tx+ (1 − t)y) < max{h(x), h(y)} for all t ∈]0, 1[.
It is clear that every convex function is semi-strictly quasi-convex. A relevant and
useful characterisation of quasi-convexity is that a function is quasi-convex if and only
if, its sub-level sets are convex. A good reference for quasi-convex functions and quasi-
convex optimisation is [1].
Let K : X ⇒ Y be a set-valued map with X and Y two topological spaces. The
mapK is called:
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• closed if its graph is a closed subset ofX × Y ,
• lower semi-continuous at x0 if for each open set V such that K(x0) ∩ V 6= ∅
there exists a neighbourhoodU of x0 such thatK(x) ∩ V 6= ∅ for all x ∈ U ,
• upper semi-continuous at x0 if for any neighbourhood V of K(x0), there exists
a neighbourhoodU of x0 such thatK(U) := {y : ∃u ∈ U, y ∈ K(u)} ⊂ V .
The usual definition of lower semi-continuity of a set-valued map using sequences/nets
is equivalent to the one given here using open sets (see for instance Proposition 2.5.6
in [15]).
We now present some basic results about the lower semi-continuity of certain con-
struction of set-valued maps. First we state three new lemmas, and then we recall some
other basic results from the literature that we will use in the following sections.
Lemma 2.1. Let X,Y be two topological spaces, T : X ⇒ Y be a set-valued map,
x0 ∈ X and V be an open subset of Y . If T is lower semi-continuous at x0, then the
set valued map TV : X ⇒ Y defined by
TV (x) := T (x) ∩ V, x ∈ X
is lower semi-continuous at x0.
Proof. Let V1 be an open subset of Y such that TV (x0)∩V1 6= ∅. We put V2 := V1∩V ,
which is open. Since TV (x0)∩V1 = T (x0)∩V2 , by lower semi-continuity of T , there
exists a neighbourhoodU of x0 such that T (x)∩ V2 6= ∅ for all x ∈ U , or equivalently
TV (x0) ∩ V1 6= ∅ for all x ∈ U , so that TV is lower semi-continuous at x0.
Lemma 2.2. Let X,Y be two topological spaces, T : X ⇒ Y be a set-valued map
and x0 ∈ X . If T is lower semi-continuous at x0, then any set-valued map S : X ⇒ Y
satisfying
T (x) ⊂ S(x) ⊂ T (x), ∀x ∈ X
is lower semi-continuous at x0.
Proof. Let V be an open subset of Y such that S(x0)∩V 6= ∅. Clearly, T (x0)∩V 6= ∅.
Thus the set T (x0)∩V is non-empty. Now, by lower semi-continuity of T , there exists
a neighbourhoodU of x0 such that ∅ 6= T (x) ∩ V ⊂ S(x) ∩ V , for all x ∈ U .
Lemma 2.3. Let T : X ⇒ Y be a set-valued map between a topological spaceX and
a topological vector space Y , and V an open and convex subset of Y . If T is lower
semi-continuous with convex values and T (x) ∩ V 6= ∅, then the set-valued map TV
given by TV (x) := T (x) ∩ V is lower semi-continuous.
Proof. First, by Lemma 2.1 we know that the set-valued map S : X ⇒ Y defined by
S(x) := T (x) ∩ V , is lower semi-continuous. Second, we observe that S(x) ⊂ TV ⊂
S(x) for each x ∈ X . In fact, to prove the second inclusion (the first being trivial),
take y ∈ TV (x). Take also a point y0 ∈ S(x). By convexity we have that the interval
]y0, y[ is included in S(x), and then obviously y ∈ S(x), which prove the inclusion.
Finally, we conclude by applying Lemma 2.2 that TV is lower semi-continuous.
Remark 1. Lemma 2.3 is a slight refinement of Lemma 1 in [3], mainly because it
drops two assumptions: the values of T need not to be closed, and the values of TV
need not to have non-empty interior.
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Lemma 2.4 (Lemma 2.3 in [19]). Let X,Y be two topological spaces and A be a
closed subset ofX . Consider two lower semi-continuous set-valued maps T : X ⇒ Y ,
S : A ⇒ Y such that, for every x ∈ A, one has S(x) ⊂ T (x). Let J : X ⇒ Y be
defined as
J(x) :=
{
T (x), if x ∈ X \A
S(x), if x ∈ A.
Then, the set-valued map J is lower semi-continuous.
The following result is part of Theorem 5.9 in [21].
Lemma 2.5. Let T : Rn ⇒ Rm be a set-valued map. If T is lower semi-continuous,
then so is the set-valued map co(T ) : Rn ⇒ Rm defined by
co(T )(x) := co(T (x)).
Given a set-valued map T : X ⇒ X , a point x ∈ X is said to be a fixed point
of T if, x ∈ T (x). We denote Fix(T ) the set of fixed points of T . We state below
Himmelberg’s well-known fixed point theorem.
Theorem 2.1 (Theorem 2 in [16]). LetA be a non-empty and convex subset of a Haus-
dorff, locally convex topological vector space Y , and let T : A ⇒ A be a set-valued
map. If T is upper semi-continuous with convex, closed and non-empty values, and
T (A) is contained in some compact subsetN of A, then Fix(T ) is a non-empty set.
As a consequence of Himmelberg’s fixed point theorem and one of Michael’s fa-
mous selection theorems we obtain the following proposition.
Proposition 2.1 (Corollary 1 in [12]). Given a non-empty, convex and closed subset C
of Rn, if T : C ⇒ C is lower semi-continuous with non-empty and convex values, and
T (C) is bounded; then Fix(T ) is a non-empty set.
Given a set-valued map T : X ⇒ Y and given y ∈ Y , the fibre of T at y is the set
T−1(y) := {x ∈ X : y ∈ T (x)}.
The following result corresponds to Theorem 4 of Chapter 5 in [17], but here the open
graph is replaced by open fibres and the proof if the same.
Theorem 2.2. Let C be a compact, convex and non-empty subset of a locally convex
topological vector space and S, T : C ⇒ C be two set-valued maps. If the following
assumptions hold
1. S is upper semi-continuous with convex, compact and non-empty values,
2. T is convex-valued with open fibres and Fix(T ) = ∅,
3. the set {x ∈ C : S(x) ∩ T (x) 6= ∅} is open;
then there exists x ∈ Fix(S) such that S(x) ∩ T (x) = ∅.
We now recall some different notions of generalized monotonicity.
A function f : Rn × Rn → R, is said to be:
• pseudo-monotone on a subset C of Rn if, for all x, y ∈ C the following implica-
tion holds
f(x, y) ≥ 0⇒ f(y, x) ≤ 0;
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• quasi-monotoneon a subsetC ofRn if, for all x, y ∈ C the following implication
holds
f(x, y) > 0⇒ f(y, x) ≤ 0;
• properly quasi-monotone on a convex subset C of Rn if for all x1, . . . , xm ∈ C,
and all x ∈ co({x1, . . . , xm})
min
i=1,...,m
f(xi, x) ≤ 0.
These notions of generalized monotonicity for functions are inspired from some
corresponding ones for set-valued maps. Nevertheless, it is important to note that
some of the relations between notions of generalized monotonicity for set-valued maps
are not longer true for functions. In fact, neither pseudo-monotonicity implies proper
quasi-monotonicity, nor the last one implies quasi-monotonicity in general (see the
examples in [4]).
Another important concept that we will consider in this paper is the upper sign
property for functions.
• A function f : Rn ×Rn → R is said to have the upper sign property on C if for
all x, y ∈ C the following implication holds:(
f(xt, x) ≤ 0, ∀ t ∈ ]0, 1[
)
⇒ f(x, y) ≥ 0. (4)
Recently in [12], the authors showed that under suitable assumptions the upper sign
property of f is equivalent to the pseudo-monotonicity of −f .
3 Main results
Let f : Rn×Rn → R be a function,C be a non-empty subset of Rn andK : C ⇒
C be a set-valued map.
Definition 3.1. The quasi-equilibrium problem associated to f andK is said to satisfy
the uniform coerciveness condition (UCC) if the following two conditions hold:
1. there exists ρ > 0 such thatK(w) ∩Bρ 6= ∅, for all w ∈ C,
2. for each z ∈ Fix(K), there exists ρz ∈]0, ρ[ such that
∀x ∈ K(z) ∩Bρ \Bρz , ∃y ∈ K(z) with ‖y‖ < ‖x‖ and f(x, y) ≤ 0.
The positive number ρ will be called coercive radius of the quasi-equilibrium problem.
We now denote byQEP(f,K) andMQEP(f,K) the solution sets of problems (2)
and (3), respectively.
In the spirit of Proposition 1 in [3], we will show that the second condition of UCC
holds for each element of QEP(f,K) under generalized monotonicity.
Proposition 3.1. Let C be a non-empty subset ofRn,K : C ⇒ C be a set-valued map
and f : Rn × Rn → R be a function. The following hold:
1. If f is pseudo-monotone , then for all z ∈ QEP(f,K) there exists ρz > 0 such
that
∀x ∈ K(z) \Bρz , ∃y ∈ K(z) with ‖y‖ < ‖x‖ and f(x, y) ≤ 0.
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2. If the map K is convex-valued and f has the upper sign property, then for all
z ∈MQEP(f,K) there exists ρz > 0 such that
∀x ∈ K(z) \Bρz , ∃y ∈ K(z) with ‖y‖ < ‖x‖ and f(y, x) ≥ 0.
Proof. The first case is a straightforward adaptation of Proposition 1 in [3].
In the second case, let z be an element of MQEP(f,K) and take ρz > ‖z‖. Then
for all x ∈ K(z) \ Bρz and t ∈]0, 1[ we have tz + (1 − t)x ∈ K(z) and thus f(tz +
(1 − t)x, z) ≤ 0. We conclude that f(z, x) ≥ 0 due to the upper sign property of f ,
and the result follows from taking y = z.
The following proposition provides conditions under which any solution of the
quasi-equilibrium problem on the bounded set Bρ is also solution of the unbounded
quasi-equilibrium problem. It is an extension of Lemma 2.2 in [5].
Proposition 3.2. Let f : Rn × Rn → R be a function, C be a non-empty subset of
R
n andK : C ⇒ C be a set-valued map. Assume that the quasi-equilibrium problem
associated to f and K satisfies the UCC with coercive radius ρ , and the following
conditions hold
1. for each x ∈ Fix(K), the following implication holds
(f(x, y) ≤ 0 ∧ f(x, z) < 0) → f(x, ty + (1− t)z) < 0, for all t ∈]0, 1[,
2. f(x, x) = 0, for all x ∈ Fix(K),
3. K(x) is convex, for all x ∈ Fix(K).
Then, any solution x0 of QEP(f,Kρ) is also a solution of QEP(f,K).
Proof. Let x0 ∈ QEP(f,Kρ). If ‖x0‖ = ρ, it is clear that x0 ∈ K(x0) \ Bρx0 . By
the UCC, there exists z ∈ K(x0) with ‖z‖ < ‖x0‖ = ρ such that f(x0, z) ≤ 0.
If there exists y ∈ K(x0) such that f(x0, y) < 0, then by assumption 1 we have
f(x0, ty + (1 − t)z) < 0 for all t ∈]0, 1[. However, we get a contradiction with the
fact that x0 ∈ QEP(f,Kρ), since if we take t small enough, the point ty + (1− t)z is
an element ofK(x0) ∩Bρ.
Now assume that ‖x0‖ < ρ. If there exists y ∈ K(x0)\Bρ such that f(x0, y) < 0,
we repeat the previous steps with x0 in place of z and we again obtain a contradiction.
Remark 2. It is clear that assumption 1 in the previous result is fulfilled when f is
semi-strictly quasi-convex in its second argument.
We are ready for our main result without upper semi-continuity assumption.
Theorem 3.1. Let f : Rn × Rn → R be a function, C be a non-empty, convex and
closed subset of Rn and K : C ⇒ C be a set-valued map. If the quasi-equilibrium
problem associated to f and K satisfies the UCC with coercive radius ρ and the fol-
lowing properties hold:
• the mapK is lower semi-continuous with convex and non-empty values,
• the set Fix(K) is closed,
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• for each x ∈ Fix(K), the following implication holds
(f(x, y) ≤ 0 ∧ f(x, z) < 0) → f(x, ty + (1− t)z) < 0, for all t ∈]0, 1[;
then the set QEP(f,K) is non-empty provided that one of the following assumptions
holds
1. f is properly quasi-monotone and has the upper sign property on C, and the
set-valued mapG : Fix(K)⇒ C defined as
G(x) := {y ∈ K(x) ∩Bρ : f(y, x) > 0}
is lower semi-continuous.
2. f(x, x) ≥ 0, for all x ∈ Fix(K), and the set-valued map R : Fix(K) ⇒ C
defined as
R(x) := {y ∈ K(x) : f(x, y) < 0}
is lower semi-continuous with convex values.
Proof. The set-valued mapKρ : C ⇒ C defined by
Kρ(x) = K(x) ∩Bρ,
for all x ∈ C, is lower semi-continuous, due to Lemma 2.3, and has convex and non-
empty values. By Proposition 2.1, there exists a fixed point ofKρ. Moreover, it is clear
that Fix(Kρ) = Fix(K) ∩Bρ.
1. In the first case, we define the set-valued map J1 : C ⇒ C by
J1(x) :=
{
Kρ(x), x ∈ C \ Fix(Kρ)
co(G(x)), x ∈ Fix(Kρ)
which is lower semi-continuous due to Lemmas 2.4 and 2.5. Since Kρ(C) is
relatively compact, if J1 is non-empty valued, then by Proposition 2.1 there ex-
ists x0 ∈ Fix(J1), that means x0 ∈ Fix(Kρ) and there exists x1, . . . , xm ∈
G(x0) such that x0 ∈ co({x1, . . . , xm}). However, this is a contradiction
with the fact that f is properly quasi-monotone. Hence, there exists x0 ∈ C
such that J1(x0) = ∅, which in turn implies that x0 ∈ Fix(Kρ). Clearly,
x0 ∈ MQEP(f,Kρ). Thus, since f has the upper sign property we have that
x0 ∈ QEP(f,Kρ), due to Proposition 3.1 in [2].
2. Now, in the second case, we consider Rρ : Fix(Kρ)⇒ C defined as
Rρ(x) := R(x) ∩Bρ,
which is lower semi-continuous with convex values. Thus, the set-valued map
J2 : C ⇒ C defined as
J2(x) :=
{
Kρ(x), x ∈ C \ Fix(Kρ)
Rρ(x), x ∈ Fix(Kρ)
is lower semi-continuous with convex values. If J2 is non-empty valued, then
again by Proposition 2.1 there exists x0 ∈ J2(x0), that means x0 ∈ Fix(Kρ) and
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x0 ∈ Rρ(x0), which in turn implies f(x0, x0) < 0. So, we get a contradiction.
Hence, there exists x0 ∈ C such that J2(x0) = ∅. Thus, x0 ∈ Fix(Kρ) and
Rρ(x0) = ∅, i.e.
f(x0, y) ≥ 0,
for all y ∈ Kρ(x0).
Finally, in both cases, the result follows from Proposition 3.2.
Remark 3. A few remarks are needed about the previous result.
1. It is clear that every function f : Rn × Rn → R which is properly quasi-
monotone and has the upper sign property vanishes on the diagonal ofRn×Rn.
2. The lower semi-continuity ofR could be deduced from the upper semi-continuity
of f in its second argument and the lower semi-continuity ofK . Moreover, R is
convex valued provided that f is quasi-convex in its second variable.
It its clear that the UCC holds provided the compactness of C. Thus, as a direct
consequence of Theorem 3.1, we recover as corollaries the following three results from
the literature.
Corollary 3.2 (Proposition 2.1 in [5]). Let C be a non-empty, compact and convex
subset of Rn and f : Rn×Rn → R be a function satisfying the following assumptions
1. f is properly quasi-monotone,
2. for each y ∈ C, the function f(·, y) is upper sign continuous, which means that
it satisfies the following implication
inf
t∈]0,1[
f(tx+ (1− t)y, y) ≥ 0 → f(x, y) ≥ 0,
3. for each x ∈ C, the set {y ∈ C : f(x, y) ≤ 0} is closed,
4. f is quasi-convex with respect to its second argument,
5. f vanishes on the diagonal of C × C,
6. the following implication holds
(f(x, y) = 0 ∧ f(x, z) < 0) → f(x, ty + (1− t)z) < 0, for all t ∈]0, 1[.
Then the equilibrium problem associated to f and C admits at least a solution.
Proof. It is enough to show that all assumptions of first case of Theorem 3.1 are sat-
isfied. In that sense, we consider K : C ⇒ C a constant set-valued map, defined as
K(x) = C for all x ∈ C. Clearly K is lower semi-continuous with convex and non-
empty values, and Fix(K) = C. By assumptions 2, 4, 5 and 6, the upper sign property
follows from Lemma 3 in [7] and Lemma 2.1 in [2]. Since C is compact, the set valued
G : C ⇒ C in Theorem 3.1 is given by
G(x) = {y ∈ C : f(y, x) > 0}.
Finally, G has open fibres due to assumption 3, which in turn implies that it is lower
semi-continuous.
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Corollary 3.3 (Theorem 4.5 in [2]). Let f : Rn × Rn → R be a function, C be a
convex, compact and non-empty subset of Rn, and K : C ⇒ C be a set-valued map.
Suppose that the following properties hold
1. K is closed and lower semi-continuous with convex values, and int(K(x)) 6= ∅,
for all x ∈ C;
2. f is properly quasi-monotone;
3. f is semi-strictly quasi-convex and lower semi-continuous with respect to its
second argument;
4. for all x, y ∈ Rn and all sequence (yk)k ⊂ R
n converging to y, the following
implication holds
lim inf
k→+∞
f(yk, x) ≤ 0 ⇒ f(y, x) ≤ 0,
5. f has the upper sign property.
Then, the quasi-equilibrium problem admits a solution.
Proof. Since C is compact, the set-valued map G in Theorem 3.1 is given by
G(x) = {y ∈ K(x) : f(y, x) > 0}
for every x ∈ Fix(K). The lower semi-continuity ofG follows from the same steps of
the proof of Corollary 7 in [12]. The result follows from Theorem 3.1.
Corollary 3.4 (Theorem 3 in [20]). Let C be a compact, convex and non-empty subset
of Rn, K : C ⇒ Rn and KC : C ⇒ C be two set-valued maps such that KC(x) =
K(x) ∩ C, and f : C × C → R be a function. If the following assumptions hold
1. KC is upper and lower semi-continuous with convex, compact and non-empty
values,
2. f is continuous and f(x, ·) is convex, for all x ∈ C,
3. f(x, x) ≥ 0, for all x ∈ C,
4. for each x ∈ Fix(KC) there exists y ∈ KC(x) such that f(x, y) ≤ 0 and
]y, z] ∩KC(x) 6= ∅, for all z ∈ K(x) \KC(x);
then the quasi-equilibrium problem associated toK and f admits at least a solution.
Proof. First, note that the fourth assumption impliesQEP(f,KC) ⊂ QEP(f,K). The
compactness of C implies that the set QEP(f,KC) is non-empty, due to the second
case of Theorem 3.1, and the result follows.
Now we state a result without lower semi-continuity assumption. We can consider
it as the non-compact version of Theorem 5 in [17], in the finite dimensional setting.
Theorem 3.5. LetC be a convex, closed and non-empty subset ofRn,K : C ⇒ C be a
set-valued map and f : Rn ×Rn → R be a function. If the quasi-equilibrium problem
associated to f and K satisfies the UCC with coercive radius ρ and the following
properties hold:
9
1. K is closed with convex and non-empty values,
2. f(·, y) is upper semi-continuous, for all y ∈ C,
3. f(x, ·) is quasi-convex, for all x ∈ C,
4. the set D = {x ∈ C ∩Bρ : infy∈K(x)∩Bρ f(x, y) < 0} is open in C ∩Bρ,
5. f vanishes on the diagonal of C × C,
6. for each x ∈ Fix(K), the following implication holds
(f(x, y) ≤ 0 ∧ f(x, z) < 0) → f(x, ty + (1− t)z) < 0, for all t ∈]0, 1[;
then the quasi-equilibrium problem admits at least a solution.
Proof. We denote Cρ the set C ∩Bρ. The set-valued mapsKρ, T : Cρ ⇒ Cρ defined
as
Kρ(x) := K(x) ∩Bρ and T (x) := {y ∈ Kρ(x) : f(x, y) < 0}.
Clearly graph(Kρ) = graph(K)∩(Cρ×Cρ) andD = {x ∈ Cρ : T (x) ∩Kρ(x) 6= ∅}.
By the uniform coerciveness condition and the first assumption imply that Kρ is up-
per semi-continuous with convex, compact and non-empty values. Also, assumptions
2 and 3 imply that T is convex-valued with open fibres. Since f vanishes on the di-
agonal on C × C, we deduce that Fix(T ) = ∅. Hence, by Theorem 2.2 there exists
x ∈ Fix(Kρ) such that Kρ(x) ∩ T (x) = ∅, that means x ∈ QEP(f,Kρ). The result
follows from Proposition 3.2.
The previous result is strongly related to Theorem 3 in [22]. The two set of con-
ditions differ in two aspects, first the authors in [22] considered that the function f
satisfies that for any x1, . . . , xm ∈ C and any x =
∑m
i=1 λixi with
∑m
i=1 λi = 1 and
{λ1, . . . , λm} ⊂ [0, 1], it holds
m∑
i=1
λif(x, xi) ≥ 0.
Here, this condition is replaced by the quasi-convexity in the second argument of f and
the fact that f vanishes on the diagonal of C×C. Both assumptions are independent in
general, in [23] the authors show some examples about it. The second difference is the
coerciveness conditions, in [22] they considered that there exist a non-empty, compact
and convex set Z ⊂ C and a non-empty setW ⊂ Z such thatK(W ) ⊂ Z and
1. K(x) ∩ Z 6= ∅, for all x ∈ Z;
2. for each x ∈ Z \W there exists y ∈ K(x) ∩ Z such that f(x, y) < 0;
3. {x ∈ Z : infy∈K(x)∩Z f(x, y) ≥ 0} is closed.
However, this coerciveness condition is too strong. For instance, considerC := [0,+∞[
and K : C ⇒ C defined by K(x) := [1,+∞[ which is closed, Moreover, there
does not exist non-empty sets Z,W ⊂ C with Z convex and compact, such that
K(W ) ⊂ Z .
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4 Applications
In this section, we consider applications to the study of existence of solutions of
two well-known problems: (i) the quasi-variational inequality problem, and (ii) the
generalized Nash equilibrium problem.
4.1 Quasi-variational inequality
Given a subset C of Rn and two set-valued maps T : Rn ⇒ Rn and K : C ⇒ C,
the setQVI(T,K) denotes the solution set of the quasi-variational inequality problem
{x ∈ C : x ∈ K(x) and exists x∗ ∈ T (x) such that 〈x∗, y − x〉 ≥ 0, ∀y ∈ K(x)}.
The quasi-variational inequality problem associated to T and K is said to satisfy the
uniform coerciveness condition if the following two conditions hold:
1. there exists ρ > 0 such thatK(w) ∩Bρ 6= ∅, for all w ∈ C,
2. for each z ∈ Fix(K), there exists ρz ∈]0, ρ[ such that
∀x ∈ K(z) ∩Bρ \Bρz , ∃y ∈ K(z) with ‖y‖ < ‖x‖ such that
∀x∗ ∈ T (x), 〈x∗, y − x〉 ≤ 0.
Wewill call coercive radius of the quasi-variational inequality problem the real number
ρ in the previous definition.
Now, we consider the function fT : R
n × Rn → R defined as
fT (x, y) := sup
x∗∈T (x)
〈x∗, y − x〉. (5)
It is clear that QEP(fT ,K) = QVI(T,K), provided T has compact and non-empty
values.
Lemma 4.1. The quasi-variational inequality problem associated to T and K satis-
fies the uniform coerciveness condition if and only if, the quasi-equilibrium problem
associated to fT (defined in (5)) andK satisfies the UCC.
As a direct consequence of the previous lemma and Theorem 3.1 we obtain the
following result.
Theorem 4.1. Let C be a closed, convex and non-empty subset of Rn, and T : Rn ⇒
R
n, K : C ⇒ C be two set-valued maps. If the quasi-variational inequality satisfies
the uniform coerciveness condition with coercive radius ρ, then it admits at least a
solution provided that
1. T is compact and non-empty valued,
2. T is properly quasi-monotone on C i.e., for all x1, . . . , xm ∈ C and any x ∈
co({x1, . . . , xm}), there exists i such that
〈x∗i , x− xi〉 ≤ 0, for all x
∗
i ∈ T (xi),
11
3. T is upper sign-continuous on C, that means for all x, y ∈ C, the following
implication holds(
∀t ∈]0, 1[, inf
x∗t∈T (xt)
〈x∗t , y − x〉 ≥ 0
)
⇒ sup
x∗∈T (x)
〈x∗, y − x〉 ≥ 0,
where xt = tx+ (1 − t)y.,
4. K is lower semi-continuous with convex and non-empty values
5. The set Fix(K) is closed and the set-valued map G : Fix(K)⇒ C defined as
G(x) :=
{
y ∈ K(x) ∩Bρ : sup
x∗∈T (x)
〈x∗, y − x〉 > 0
}
is lower semi-continuous.
Proof. Clearly fT is properly quasi-monotone and has the upper sign property. There-
fore, the result follows from the fact QVI(T,K) = QEP(fT ,K) and the first case of
Theorem 3.1.
Remark 4. A few remarks are needed.
1. The previous result is not a consequence of Theorem 1 in [3], because T is
properly quasi-monotone and K is not closed. Theorem 3 in [3] proposes an
existence result under quasi-monotonicity, that means for all (x, x∗) and (y, y∗)
in the graph of T the following implication holds
〈x∗, y − x〉 > 0 ⇒ 〈y∗, y − x〉 ≥ 0,
but in this case it needs more regularity assumptions on the constraint map.
2. The fourth assumption in the previous result holds, for instance, when the map
K is closed and the set{
(x, y) ∈ C × C : sup
x∗∈T (x)
〈x∗, y − x〉 ≤ 0
}
is closed.
4.2 Generalized Nash equilibrium problem
AgeneralizedNash equilibrium problem (GNEP) consists of p players. Each player
ν controls the decision variable xν ∈ Cν , where Cν is a non-empty convex and closed
subset of Rnν . We denote by x = (x1, . . . , xp) ∈
∏p
ν=1 Cν = C the vector formed
by all these decision variables and by x−ν , we denote the strategy vector of all the
players different from player ν. The set of all such vectors will be denoted by C−ν .
We sometimes write (xν , x−ν) instead of x in order to emphasize the ν-th player’s
variables within x. Note that this is still the vector x = (x1, . . . , xν , . . . , xp), and
the notation (xν , x−ν) does not mean that the block components of x are reordered in
such a way that xν becomes the first block. Each player ν has an objective function
θν : C → R that depends on all player’s strategies. Each player’s strategy must belong
to a set identified by the set-valued mapKν : C
−ν
⇒ Cν in the sense that the strategy
space of player ν is Kν(x
−ν), which depends on the rival player’s strategies x−ν .
Given the strategy x−ν , player ν chooses a strategy xν such that it solves the following
optimisation problem
min
xν
θν(x
ν , x−ν), subject to xν ∈ Kν(x
−ν), (6)
for any given strategy vector x−ν of the rival players. The solution set of problem (6)
is denoted by Solν(x
−ν). Thus, a generalized Nash equilibrium is a vector xˆ such that
xˆν ∈ Solν(xˆ−ν), for any ν.
Associated to a GNEP, there is a function fNI : Rn × Rn → R, defined by
fNI(x, y) :=
p∑
ν=1
{θν(y
ν , x−ν)− θν(x
ν , x−ν)},
which is called Nikaidoˆ-Isoda function and was introduced in [18]. Additionally, we
need to consider the set-valued mapK : C ⇒ C defines as
K(x) :=
p∏
ν=1
Kν(x
−ν).
Lemma 4.2. A vector xˆ is a solution of the GNEP if and only if, xˆ ∈ QEP(fNI ,K).
A GNEP satisfies the coerciveness condition if there exists ρ > 0 such that
1. K(x) ∩Bρ 6= ∅, for all x ∈ C;
2. for each z ∈ Fix(K), there exists ρz ∈]0, ρ[ such that
∀x ∈ K(z) ∩Bρ \Bρz , ∃y ∈ K(z) with ‖y‖ < ‖x‖ and
θν(y
ν , x−ν) ≤ θν(x), for each ν.
In this case, the real number ρ is called coercive radius of GNEP.
Lemma 4.3. If the GNEP satisfies the coerciveness condition, then the quasi-equilibrium
problem associated to Nikaidoˆ-Isoda function andK satisfies the uniform coerciveness
condition.
Proof. It is enough to see that if for each ν we have θν(y
ν , x−ν) ≤ θν(x), then
fNI(x, y) =
p∑
ν=1
θν(y
ν , x−ν)− θν(x) ≤ 0.
Remark 5. When every objective function is differentiable and convex with respect to
the own variable xν , our coerciveness condition implies the one proposed by Aussel
and Sultana in [3].
Thanks to Lemmas 4.2 and 4.3, we have the following result on the existence of
solutions of a GNEP, which is a direct consequence of Theorems 3.1 and 3.5.
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Theorem 4.2. For any ν ∈ {1, 2, ..., p}, let Cν be a non-empty, closed and convex
subset of Rnν , θν : R
n → R be a continuous function and Kν : C−ν ⇒ Cν be a
set-valued map. If the GNEP satisfies the coerciveness condition with coercive radius
ρ, then it admits a solution provided that for each ν, θν is convex with respect to the x
ν
variable, and one of the following sets of assumptions holds:
A1 (a) The set Fix(K) is closed,
(b) for each ν, the mapKν is lower semi-continuous with non-empty and con-
vex values.
A2 (a) for each ν, the mapKν is closed with convex and non-empty values,
(b) the set
N =
{
x ∈ C ∩Bρ : inf
y∈K(x)∩Bρ
∑
ν
θν(y
ν , x−ν) <
∑
ν
θν(x)
}
is open.
Proof. It is clear that Nikaidoˆ-Isoda function is continuous and convex in its second
argument. By Lemma 4.3, we have that the quasi-equilibrium problem associated to
fNI and K satisfies the UCC. In the case A1, the map K is lower semi-continuous
with convex and non-empty values. Hence the set-valued map R in the second case of
Theorem 3.1 is lower semi-continuous with convex values. So, the result follows from
Theorem 3.1 and Lemma 4.2.
Finally, in the case A2 the map K is closed with convex and non-empty values.
Moreover, it holds
N =
{
x ∈ C ∩Bρ : inf
y∈K(x)∩Bρ
fNI(x, y) < 0
}
.
Hence, the result follows from Theorem 3.5 and Lemma 4.2.
The previous result is strongly related to Theorem 5 in [3]. However, it is important
to notice that in the set of assumptionsA1 the constraint set-valuedmaps are not closed.
For A2, the constraint maps are not lower semi-continuous. Moreover, both cases are
not differentiable, and it is possible that the images of the constraint maps could have
empty interior.
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